Context. Magnetized space plasmas such as the heliosphere contain a spatially variable guide magnetic field that is superposed by turbulence. Understanding the transport of energetic particles in such an environment is important for many applications. Aims. The modifications of the scattering mean free path caused by the effect of adiabatic focusing have so far been studied only analytically. Here, the exact analytical conditions are reproduced in a numerical simulation to allow for a detailed comparison. Methods. A Monte-Carlo simulation code was modified to include a guide magnetic field with a constant focusing length. The turbulence strength was kept constant either throughout the simulation space or relative to the variable background field strength. Results. In contrast to both quasi-linear and nonlinear analytical predictions, an increased parallel mean free path is found for almost all cases. Particle diffusion is found to be asymmetric depending on the initial particle velocity relative to the guide field. Conclusions. The increased parallel mean free path can be explained by a coherent particle motion toward lower magnetic field strengths. The possible reduction of the diffusion parameter is consequently obscured.
Introduction
Understanding magnetic turbulence and the transport behavior of charged particles in turbulent magnetic fields is a problem of major importance in space physics and astrophysics with implications for space probes and other technological installations. Usually, the particle motion in turbulent magnetic fields is described by assuming a diffusive behavior, even though there are cases when the particle motion is sub-or superdiffusive (Tautz & Shalchi 2010) . For a long time, the standard theory to describe such processes has been the quasi-linear theory (QLT) of Jokipii (1966 , see also Schlickeiser 2002 , for a detailed introduction) with numerous nonlinear extensions and modifications both for parallel (Shalchi 2005; Tautz et al. 2008 ) and perpendicular (Matthaeus et al. 2003; , see also Shalchi 2009b .
In general, nonuniform magnetic fields lead to drift motions (Burger & Visser 2010; Schlickeiser & Jenko 2010; Tautz & Shalchi 2012) . These naturally influence the scattering and diffusion parameters of charged particles even if the dominant contribution comes from turbulent fields that vary on much shorter scales than the mean magnetic field. Therefore, it is important to model the large-scale structure of the mean magnetic field (Tautz et al. 2011) . For the solar system, the magnetic field can be described in terms of the Parker (1958) or Fisk-Parker (Burger et al. 2008 ) spiral structure. Strictly speaking, a nonuniform magnetic field violates the conditions for the applicability of a diffusive description (Kóta 2000) . Furthermore, including the details into a transport theory is complicated; hence, concentration is often focused on single aspects such as the diverging or converging of the mean magnetic field lines (Roelof 1969; Kunstmann 1979) . The usual way has been to modify the derivation of the diffusion parameters by including the large-scale geometry of the magnetic field -instead of finding a completely new description.
Applications of adiabatic focusing are manifold and include (i) modeling of solar flares such as the Bastille-Day event (Bieber et al. 2002) ; (ii) using the angular distribution of observed particle events to infer the scattering mean-free path (Bieber et al. 1986 ); (iii) space weather prediction by tracing solar energetic particle events (He & Wan 2012 ); (iv) particle trapping in the Earth's magnetosphere (Duggal 1979; Zhang 2006) ; (v) modeling of ion acceleration at the termination shock (le Roux et al. 2007; le Roux & Webb 2009 ); (vi) energetic electron transport in extragalactic radio sources, which has been used to model observed radio spectra (Spangler & Basart 1981) .
When electric fields are to be neglected, the particle energy is always conserved. Often, however, the turbulent fields are modeled as plasma waves with random directions of propagation such as Alfvén (Michałek & Ostrowski 1996; Schlickeiser 2002; Tautz et al. 2006b ), magnetosonic (Schlickeiser & Miller 1998; Michałek & Ostrowski 1998; Michałek 2001) , or Whistler waves. This leads to momentum diffusion (Ostrowski & Siemieniec-Ozi¸ebło 1997; Michałek et al. 1999; Tautz 2010b) because of the turbulent electric field component of each plasma wave, which usually accelerates the particles. The influence of time-dependent turbulence by means of magnetohydrodynamic plasma waves such as Alfvén waves on the particles leads to a Fermi-I like acceleration mechanism (Schlickeiser 2009 ), which has been named "focused acceleration" (Litvinenko & Schlickeiser 2011) or "adiabatic deceleration" (Jokipii & Parker 1970; Ruffolo 1995) .
However, despite the numerous analytical work, where various transport theories have been modified to include the effects A&A 545, A149 (2012) of adiabatic focusing, there appear to be no systematic numerical investigation to test the analytical framework and either put it on solid ground or falsify the various assumptions and approximations used to derive as simple as possible formulae. It therefore seems appropriate to remedy this defect by employing a numerical Monte-Carlo simulation code, which was designed to operate under the exact same conditions as the analytical test-particle theories (Tautz 2010a) .
It should be noted that the physics behind combining a nonconstant focusing length (leading to position-dependent scattering) with diffusion (which requires position-independent scattering over a relatively large area) is not entirely clear. One can of course employ a focusing length that is long compared to the mean free path. But then the differences to the homogeneous case are very small. Accordingly the natural choice is to implement a constant focusing length, which leads to the magnetic field structure investigated here (with the additional constraint that, in a strict sense, the focusing length is only constant for low x and y values).
The paper is organized as follows: Sect. 2 introduces the basic theory of adiabatic focusing in diffusion theories and its application to energetic particle scattering. In Sects. 3 and 4, the numerical simulation scheme is described and the resulting diffusion parameters are compared to analytical calculations, respectively. Sections 5 and 6 provide a discussion of the results and a short summary and conclusion.
Technical problems of adiabatic focusing
For an ensemble of collisionless energetically charged particles that are scattered solely under the influence of turbulent electromagnetic fields, the phase-space distribution function, f , evolves according to the transport equation (Parker 1965; Luhmann 1976; Earl 1976 
where the mean magnetic field, B, is assumed to be (approximately) aligned with the z axis and where μ = cos ∠(u, B). Mathematically, the transport equation can be derived from the Vlasov-Maxwell equations (Schlickeiser 2002) under the assumptions of stationary, homogeneous, and weak magnetic turbulence. Note that Eq.
(1) neglects all terms due to momentum diffusion (cf. Litvinenko & Schlickeiser 2011 ) and catastrophic loss processes.
Focusing length
To describe the variation in the mean magnetic field strengthand, according to ∇ · B = 0, a spatial variation -a characteristic length scale L is introduced in Eq.
(1) according to the theory of adiabatic focusing as (Roelof 1969 )
Strictly speaking, here z denotes the direction along the magnetic field lines and not the Cartesian coordinate. For the purpose of a simple investigation, a constant length scale is chosen, which immediately gives rise to an exponential variation in the mean magnetic field as
This agrees with analytical investigations of Litvinenko & Schlickeiser (2011) , who assumed L = const. on spatial scales that are large compared to the parallel mean free path of the particles. If one requires a similar behavior of B x and B y so that axisymmetry is retained, the condition that the divergence of the magnetic field be zero immediately yields
Accordingly, the mean magnetic field is no longer aligned with the z axis as it is in most analytical and numerical investigations. However, the approach described here should remain valid as long as the spatial scales of the x and y components of the magnetic field are large compared with that of the z component of the field (cf. Litvinenko & Schlickeiser 2011) . This is ensured by the exponential z dependence as opposed to the linear dependence on x and y. The general case is briefly discussed in Appendix A. Therefore, both the magnetic field strength and the orientation vary with z. With ρ = x 2 + y 2 , the first is given by
The orientation, i.e., the angle between the magnetic field vector and the z axis, is determined in Appendix B.
Analytical parallel mean free path
The parallel scattering length or mean free path is calculated from the weighted pitch-angle average of the inverse Fokker-Planck coefficient of pitch-angle scattering, D μμ , as (Hasselmann & Wibberenz 1968; Earl 1974) 
For the turbulent magnetic field energy entering the FokkerPlanck coefficient, a spectral distribution of the form
is assumed with 0 = slab = 0.03 a.u. as the turbulence bendover scale and s = 5/3 as the Kolmogorov inertial range spectral index. The normalization function is determined from the condition that the integral of the magnetic correlation tensor over the whole wavenumber range be equal to the squared turbulence strength (Batchelor 1982; Schlickeiser 2002; Shalchi 2009b) , yielding
Analytical investigations of the modifications to the parallel mean free path due to adiabatic focusing were performed using standard QLT (Earl 1976; Shalchi 2009a ) and, recently, the nonlinear second-order version (Shalchi 2005; Tautz et al. 2008 ) of QLT (Shalchi 2011) . For slab turbulence, where the turbulent magnetic fields depend solely on the spatial coordinate along the mean magnetic field, i.e., δB = δB(z), the application of QLT allowed one to analytically evaluate the modification of the parallel mean free path. The result reads (Shalchi 2009a )
where λ ,0 is the mean free path obtained for a homogeneous mean magnetic field according to Eq. (6). It is important to note that Eq. (9) was derived using QLT so that the usual assumptions of QLT apply, such as that the turbulent magnetic field is weak compared to the background field strength. That condition may indeed be violated for the case of an absolute constant turbulence strength if z 0 . Clearly, Eq. (9) predicts a reduced mean free path 1 . The nonlinear calculation, in contrast, gave the result (Shalchi 2011 
In contrast to the QLT result, Eq. (10) only requires that particle energies be "not too high" (Shalchi 2011 ), which has been specified by Shalchi et al. (2009) through R = RL/l0 B 0 /δB, which assumption can be seen as fulfilled except perhaps for the highest energy value.
In Sect. 4, the two results from Eqs. (9) and (10) are compared to numerical results, showing that neither formula provides qualitative or quantitative agreement with the simulation results.
Numerical parallel mean free path
The determination of the parallel mean free path in a Monte-Carlo simulation requires the particle displacement Δs along the magnetic field line (see Sect. 3). Without loss of generality, consider the magnetic field line equation in the ρ-z plane,
which has the solution ρ(z) = ρ 0 e −(z−z 0 )/2L with ρ(z 0 ) = ρ 0 . The general arc-length function along the magnetic field line is then given by
Accordingly, the parallel displacement can be expressed through
with the second summand being simplified because of z = z 0 , which removes the exponential function.
Monte-Carlo simulations
In the Padian code (Tautz 2010a) , the trajectories of a large number of test particles are integrated numerically using the Dorman-Prince 853 (Hairer et al. 1993; Press et al. 2007 ) method with an adaptive step size. The time-dependent (i.e., "running"), parallel mean free path is then obtained from the standard prescription
with r the distance traveled along the mean magnetic field line. The angular brackets denote the average first over all N particle trajectories starting at different positions (but on a line of equal turbulent magnetic field strength) and second over M such ensembles in different turbulent realizations. This allows calculating an estimated mean error, which is shown in subsequent figures and which can be used to judge the reliability of the simulation results (see Tautz 2010a , for more details). Here, N = M = 100 is used.
Turbulence generation
Turbulent magnetic fields can be generated through the superposition of many (usually N ∼ 10 2 -10 3 ) plane waves (Giacalone & Jokipii 1999; Michałek 2001; Tautz 2010a ) with random directions of propagation and random polarizations. It can be shown analytically that, in the limit of N → ∞, a fully developed turbulent field is obtained (Batchelor 1982) . The homogeneous (cf. Batchelor 1982) turbulent magnetic field can be written in the form
where β n is the random phase angle. The primed coordinates are calculated from a rotation matrix with random angles, andê ⊥ is the unit polarization vector in the x −y plane. For each simulation set, typically 100 different turbulence realizations are used, i.e., different sets of random numbers in Eq. (15). For the turbulence power spectrum, Eq. (7) is used. Furthermore, the turbulence geometry, which specifies the orientation of the Fourier modes of the magnetic field components, is chosen according to the two most prominent models, which are (i) the slab model, for which by definition one has δB(r) = δB ⊥ (z) for the turbulent fields and δB = 0. In Fourier space, the spectrum depends solely on the parallel wavenumber k in this special case; (ii) the isotropic model, in which it is assumed that the turbulence has no preferred direction. In addition, in the case of a curved background field, the orientation (but not the field strength or the structure itself) of the slab turbulent magnetic field becomes position-dependent, as detailed in Appendix B.
Initial particle distribution
For a Monte-Carlo simulation with randomly chosen initial particle positions, one has to ensure that each particle experienceson average -the same initial conditions. Consequently, the lines of constant magnetic field strength have to be determined, which, from the solution of Eq. (5), read (4) with an additional turbulent component δB, which is generated according to the Fourier superposition of Eq. (15). In the upper panel, the magnitude of the turbulent field is (δB/B 0 ) 2 = 0.1. In the lower panel, the turbulence strength is varied together with the background magnetic field strength so that (δB/ |B|) 2 = 0.1 = const. also along the z direction.
For the initial particle position, a reasonable choice is ρ ∈ [0, L]
Note that the particles experience comparable conditions, although they start at different positions. The underlying reason is of course that the turbulence generated by means of Eq. (15) is homogeneous (see previous subsection).
In Fig. 1 , a few sample particle trajectories are shown for a magnetic field that has two components: (i) the curved mean magnetic field in agreement with a constant focusing length that leads to Eqs. (3) and (4); (ii) a turbulent component that results from the superposition of 1024 Fourier modes according to Eq. (15). The relative strength is (δB/B 0 ) 2 = 0.1. The difference between the two panels of Fig. 1 is that while in the upper panel the turbulent magnetic field strength is kept constant with respect to the parameter B 0 , the turbulence strength is varied in the lower panel together with the background magnetic field strength so that (δB/ |B|) 2 = 0.1. This is motivated by the fact that magnetic turbulence is not a property of space itself but is generated for example by anisotropic particle streams. For the solar system, for instance, a radial dependence of the turbulent field strength with r −3/2 can be derived using a WKB approach (see, e.g., Zank et al. 1996, Sect. 3.1; Tautz et al. 2011 ). This indicates that a variation of the turbulent field strength similar to that of the mean field might be an appropriate case to consider. On the other hand, there are plasma instabilities that are independent of a mean magnetic field (e.g., Schlickeiser 2005), which could cause the turbulent field strength to be independent of the mean magnetic field. Now because both cases give rise to different particle diffusion coefficients as shown in Sect. 4, both cases represent scenarios that are applicable to astrophysical plasmas such as (i) the heliosphere; (ii) galactic halo; but also to (iii) planetary magnetic fields; or (iv) interstellar magnetic fields.
Simulation results
First, Fig. 2 shows the parallel mean free path in a homogeneous background magnetic field without adiabatic focusing as a function of the simulation time for various particle energies. The particles are scattered in a slab turbulence geometry with (δB/B 0 ) 2 = 0.1. The figure illustrates that well-defined, diffusive values for the mean free paths are obtained if vt/ slab 10 2 . These values serve as reference values λ ,0 for the evaluation of Eqs. (9) and (10). The particle energy is contained in the parameter R = v/(Ω 0 ), which is frequently used in particle transport theories and can be described as the particle rigidity divided by magnetic field strength or as a normalized Larmor radius.
In what follows, two cases are to be distinguished, which keep the turbulence strength constant with respect to (i) the normalization field strength B 0 in Eqs. (3) and (4); (ii) the spatially varying background magnetic field strength that results from the magnitude |B|. Consider both cases in turn, each for slab and for isotropic turbulence. Furthermore, note that for the case of isotropic turbulence, analytical results are apparently not available.
Slab model with δB/B 0 = const.: the values shown in Fig. 2 for the parallel mean free path, λ ,0 , serve as an input parameter A149, page 4 of 9 to evaluate Eqs. (9) and (10). The result is shown in Fig. 3 for focusing lengths of L/ slab = 10 and L/ slab = 1 together with the corresponding simulation results with and without adiabatic focusing. The comparison reveals that no agreement is found -neither qualitatively nor quantitatively (with the exception of rigidities R ≈ 0.2). Slab model with δB/ |B| = const.: the results are shown in Fig. 4 . For large L, the behavior is qualitatively similar to the previous case. In addition, for small R 0.1 some degree of agreement between analytical theory and simulation can be found. However, the situation is entirely different for small L, which case can be associated with a strongly curved magnetic field. There, the simulated mean free path is (i) almost rigidity-independent; and (ii) between one and two orders of magnitude larger than the analytical prediction. Isotropic model with δB/B 0 = const.: the results shown in Fig. 5 indicate that owing to the effects of adiabatic focusing, the parallel mean free path is significantly reduced for the entire range of rigidity values and for both short and long focusing lengths. This is in contrast to the behavior exhibited for slab turbulence. Isotropic model with δB/ |B| = const.: for a short focusing length, the parallel mean free path is almost rigidityindependent, as is clearly shown in the lower panel of Fig. 5 . Together with the fact that the values are roughly two orders of magnitude higher than the mean free path in the homogeneous case, this agrees with the results found for slab turbulence. Likewise, there is a limited agreement found for long focusing lengths together with low rigidities. A general result is that for relatively high rigidity values, the mean free path exceeds the theoretical predictions by at least one order of magnitude. Accordingly, neither of the analytical formulae gives an accurate description of the simulation results. Furthermore, for a long focusing length -corresponding to a weakly curved magnetic field -there is a strong difference between low and high rigidities. For a short focusing length, in contrast, the mean free path values are relatively high at all rigidities. Fig. 3 ), whereas the black squares show the case of turbulence strength that varies with the background field strength as (δB/ |B|) 2 = 0.1 (cf. Fig. 4 ). For comparison, the parallel mean free path is shown also for a homogeneous background magnetic field (gray circles).
Discussion

Coherent streaming
First, it is well known that in a weakly variable field, the magnetic momentum is adiabatically conserved, i.e., ≡ v 2 ⊥ /B = const. Now for pure magnetic fields the energy E of each particle is also conserved so that 2E/m = v 2 + v 2 ⊥ . Thus v 2 = 2E/m − B. As B increases, v decreases and reaches a turning point (i.e., where v = 0) when B approaches a critical value, B crit = 2E/(m ) so that all the energy is in the perpendicular motion. Conversely, as B decreases, v increases and all the energy moves to parallel motion. Thus an initially isotropic distribution develops anisotropy in the sense of a stream parallel to B in the weak direction and a stagnation in the strong direction, leading to high transverse pressure in the strong B regime -hence the diffusion cannot be symmetric. This is confirmed by two additional simulation runs, in which all particles initially move toward stronger field strengths (v z > 0) and weaker field strengths (v z < 0), respectively. Figure 6 shows the difference in the resulting parallel mean free paths, illustrating that particles stream toward higher z, corresponding to regions of weaker magnetic field. Furthermore, the effect is also known from analytical treatments, where it was found that in the presence of adiabatic focusing, "particle transport can be approximately represented as a combination of coherent streaming and diffusion" (Litvinenko 2012) .
Furthermore, Roelof (1969) already considered the competition between scattering and a coherent motion, which he expressed through a parameter α = vT/(2L) with α 1 indicating the predominance of diffusion, whereas for α 1 one has a "deterministic motion". Here, T is the relaxation time, which is connected to the turbulence power spectrum at a wavenumber
With Eq. (7) and the remaining normalization factors for example for isotropic turbulence, the critical parameter α can be expressed as
For the rigidity values considered, α has values of the order of 1, which again confirms the presence of coherent particle motion. In contrast, for scattering to dominate, lower values of α can be obtained for longer focusing lengths. But, according to λ/λ 0 ≈ 1 − (λ 0 /L) 2 /15, the resulting correction to the mean free path would then be very small 2 (see Litvinenko 2012 , and references therein).
Mean free path scaling relations
Now with v ⊥ = v sin θ one has B ∝ sin 2 θ = (1 − μ 2 ), where μ is the pitch-angle cosine. Next, assume an isotropic Fokker-Planck coefficient for pitch-angle scattering (Shalchi 2009b Tautz & Lerche 2010) , i.e., D μμ ∝ (1 − μ 2 ), and note that the parallel mean free path is proportional to the inverse of D μμ . One then obtains the scaling relation
Furthermore, the preferred particle motion will always be toward weaker field strengths so that Eq. (19) predicts an increased mean free path. Quantitative results can be obtained from a histogram of the particle displacement as illustrated in Fig. 7 . Of course, the above relation does not take into account any turbulence effects. Therefore, note that as a simple estimate, the mean free path scales with the particle rigidity as (Shalchi et al. 2004 ) λ ∝ R 1/3 for R 1 and λ ∝ R 2 for R 1. The crucial point is that the rigidity is related to the field strength via R ∝ B −1 so that one obtains
By averaging over the particle positions (cf. Fig. 7 ), the mean magnetic field encountered by the particles can be obtained, which allows for a rough estimate of the factor by which the mean free path is scaled. For the highest rigidity values considered, the maximum of the resulting factor is 8 × 10 9 and 3 × 10 8 for the cases of absolute and relative constant turbulence strengths, respectively. This indicates that for sufficiently high initial rigidity values, the mean free path is strongly increased. Superimposed to this relation is the additional requirement that λ ∝ (δB/B 0 ) 2 , which, however, has only been verified for weak turbulence δB B (see Isichenko 1991; Zimbardo et al. 2009 ) and hence is not necessarily applicable if z L, for the case where δB/B 0 is held constant.
In conclusion, there are two scaling relations that govern the parallel mean free path, both of which have been confirmed by previous simulations (e.g., Tautz et al. 2006a Tautz et al. , 2008 : (i) the mean free path scales with the particle gyroradius as for example expressed by the Bohm limit for which λ = R L ; (ii) the mean free path scales with the ratio of turbulent and averaged magnetic field strength. While in the presence of adiabatic focusing, the analytical calculations predict a reduced parallel mean free path, the dominating effect is that of particles streaming toward weaker field strengths so that the mean free path is strongly increased. One notable exception is found for the case of isotropic turbulence with a variable ratio of turbulence and background field strength, where the mean free path was found to be reduced. It is therefore expected that for slightly anisotropic turbulence, there must be a limiting anisotropy for which the mean free path reduces almost to the isotropic case and above which the mean free path is increased.
Summary and conclusion
We investigated the scattering properties of charged particles in the presence of a smoothly curved magnetic field superposed by a turbulent component. This configuration is commonly known as the adiabatic focusing case and has been thoroughly investigated analytically. A numerical implementation of the exact same situation, however, seemed to be lacking so far, presumably because analytical investigations usually do not specify all the conditions necessary for a straightforward implementation in a numerical setting. Therefore, two different scenarios were presented.
The simulation results show that in contrast to analytical predictions, the scattering mean free path along the background magnetic field lines is strongly increased. This can be understood by taking into account that the usual, direction-independent diffusion now has a superposed coherent motion of the particles toward weaker magnetic fields. A rough estimate confirmed that the resulting factor is high. This qualitatively agrees with investigations of convective galactic outflow, where it was found that advection along the expanding magnetic field lines has to be taken into account to obtain agreement with gamma-ray observations (see Zirakashvili et al. 1996 , and references therein). Future work should therefore separate the coherent particle motion from the diffusion process within the framework of test particles.
Furthermore, additional effects might have to be taken into account. First, at the turning points where v ⊥ v , particles are prone to excite additional turbulent magnetic fields via the Weibel (1959) instability. Conversely, in the low-magnetic field region where v ⊥ v , the two-stream instability (Buneman 1959; Fried 1959 ) is likely to occur. However, to include the turbulent fields generated by the unstable particle distribution, the test-particle approach would need to be replaced by a selfconsistent description. While including these effects is beyond the scope of the current investigation, it may be worthwhile to do so in a future paper. length is connected to the gradient of the absolute magnetic field strength as
with B = |B| and whereê B is the unit vector in the direction of the magnetic field. By making use of ∇ · B = 0, the above definition can be rewritten as
With the magnetic field line equation, dr/ds =ê B , the latter expression can be transformed according tô
yielding an expression that involves the derivative along the field lines as
This illustrates that Eq. (2) is only an approximation that is valid -in the sense that L is constant -so long as the magnetic field is more or less aligned with the z direction. In particular, one requires B Strictly speaking, therefore, the model used here has a constant focusing length only inside a cylinder with the radius ρ = x 2 + y 2 2L, as illustrated by Fig. 8 . If one were to find a magnetic field geometry that complies with the requirement that L = const., one would need to find a solution that obeys Eq. (A.4), which, together with the condition ∇ · B = 0 can be rewritten as
where i, j ∈ {x, y, z} or, under the assumption of axisymmetry, i, j ∈ {ρ, z}. Possible solutions to Eqs. (A.6) and their properties will be discussed elsewhere.
Appendix B: Curved slab geometry
In addition to the modified parallel displacement expressed by Eq. (13), the curved magnetic field lines also affect the geometry of the turbulent magnetic fields -unless said geometry is isotropic and the orientation does not matter. Because the turbulence generator implemented in Padian requires the background magnetic field to be in z direction, the reference frame has to be rotated so that the actual field vector now represents the newz direction. With B given by For x = y = 0, one hasr = r as expected because B ê z .
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As a second step, the generated turbulent magnetic field vectorB needs to be rotated by an angle −ϕ, yielding B = A −ϕ ·B with Again, for x = y = 0, one has B x =B x , B y =B y , and B z = 0 with the latter being a general constraint for slab geometry. Hence, Eqs. (B.8) are valid only forB z = 0, as is the case for example for the slab and the composite models, with the latter defined as the superposition of slab and two-dimensional modes. The two rotations described above are required for every particle at every time step. The exact choice of the step size is made by the adaptive integration method so that the error in the particle energy accumulates to no more than one-tenth of a percent for the whole simulation time (cf. Tautz 2010a; Giacalone & Jokipii 1999) .
